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STRENGTH OF A JOINT UNDER STRESS CONCENTRATION

M. A. Zadoyan UDC 539.3

In structural design, investigation of the low stress problem for the end of a contact surface in a
composite body allows one to ensure the reliable strength of the given joint by a proper choice of physical and
geometrical parameters (1, 2]. However, at fixed values of the indicated parameters, the low stress condition
may not be satisfied, and a concentrated stressed state occurs at this end. Thus, it becomes necessary to
formulate strength conditions in the presence of stress concentration.

In this work, using the sectioning method, which is well known in engineering mechanics, we examine
the strength of a joint in composite bodies with exponential strengthening of materials in the presence of
stress concentration. The use of the sectioning method in the linear mechanics of cracks is covered in [3].

Let a composite body be made of two dissimilar materials. The stress and strain intensities are related
by the exponential dependence ag = keg'. For both materials, the values of the parameter m are considered
equal and the values of k different.

We assume that at the end of the contact surface of the composite body there is a reentrant angular
“cut” with stress concentration at the tip. Assume that we know a solution of the corresponding problem
ignoring the stress concentration caused by the “cut.” This stressed state will be called nominal. Further,
using this solution for the neighborhood of the angular point, we should find the strength condition for the
end of the joint with the stress concentration state.

1. Twisting. We consider a composite bar of constant cross section made of materials strengthening
by an exponential law. The bar has a reentrant angle at the end of the contact surface and is twisted by the
moments M applied at the end cross sections.

Initial Relations. We assume that the nominal solution, i.e., without an angular cut, is specified in the
polar coordinate system py (Fig. 1). We denote stresses by T,:(p,) and T,i(p,), and displacements by
Wi(p,¢). Here and below, the subscript : = 1 and 2 denotes the values of the constituent materials.

Longitudinal shear strains occur in the vicinity of the angular point r = 0.

According to [2], this solution is representable as

moi = kirA ™ gy, i = MarATOm f wi = = (VIR + Azf.z)m_], (1.1)

in which
o o 0
fi=Aew (= [hds);  fr=Aexp (= [$1d0~ [wa0),
0 ] [}

A = fi(a) is an arbitrary constant, and 1(, A) is found from the relations
1-2A
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Fig. 1

The parameter X is determined from the following system of three equations in u; = ¥i(0,A) and X:

11 (V w+ )\Z)m_l — Y2 (\/#% + /\2)m-1 =0, arctan ’j\—l + ! ; A arctan £ = q,

w
B2 #2 1
arctan —)‘—+ " arctan —;:w(l+-w—) -6 (y=ka/ky).

If we introduce the notation s; = 2a/7 — 1 and s = 28/7 — 1, the solution of system (1.2) takes the
form A = A(s1, s2,7,m). When the angle is symmetric about the contact surface, i.e., @ = 8, or when the
material is homogeneous, A is defined as

L2t [(n=1)s = \fan + (n - 1)252]
- 2(1 - s?)
A=1/(n+1) for s=1. (1.3)

(1.2)

for s #1,

Here s = 2a/7 — 1.

The second value of A in (1.3) also follows from the first formula in the limit s — 1.

We assume that, at the tested end of the contact surface, the conditions A <1l and r < a+ 8 < 27 or
0 < sy + s2 < 2 are satisfied. For the symmetric angle, we have 1/2 <a < 7or0 <s < 1.

Fracture Surface. Introducing the notation

N = kfi(0)xi(0),  Fi(6) = £i(6)xi(8)/(£i(0)x:(0)),
we write the stress components (1.1) in the form
i = NrOUmF(0), i = Mfiril fi. (1.4)
The desired constant N = lin(l) 79i(r,0) r(1=)™ has dimension kg - cm(~Y™=2 and is similar in some
b d
sense to the stress-intensity coefficient at the crack tip. The coefficient N can be determined approximately
using the above-mentioned sectioning method.

We pass mentally a section through the plane ¢ = 0, and, rejecting one part of the bar, we analyze
the equilibrium of the remaining part under the action of longitudinal tangential forces acting in the axial
section for a bar with no reentrant angle and for a bar with a reentrant angle. We assume that, owing to the
angular cut, the longitudinal force decreases by a value equal to the contribution of the concentrated forces.

Projecting the tangential forces in the longitudinal direction and equating the sum of the minimal

forces acting in the interval py < p < R in a bar with no angular cut to the sum of the concentrated forces
acting in the interval 0 < r < rg in a bar with an angular cut, we find

0 R
/Tg,’(r, 0)dr = /T‘p;(p,O)dp. (1.5)
0 0

Here r¢ is the unknown distance from the angular point, at which the concentrated stress is equated to the
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nominal stress:

TOi(TO’O) = Tw(po,O). (1~6)

In Egs. (1.5) and (1.6), according to [3], the nominal stress is taken at the angular point and the
nominal forces in the interval of concentrated stress are ignored. These assumptions somehow compensate for
the decreased asymptotic value of the local stress compared with its exact value.

Substituting the expression of 74;(r,0) from (1.4) into (1.5) and (1.6), we have

N = Tr(()l—/\)m’ _ [1 + - 1 ]/ Tﬁﬂt(py dp, (1‘7)

where 7 = Ty(po,0) is the nominal stress at the angular point considered. Introducing the notation p = ¢R
and R — pg = A = 6R, from (1.7), we obtain
N = 7{A]l + (A = 1) m]®(6, v, m)} 1~ ™. (1.8)

Here

1
/ (& 8,7,m) de. (1.9)

O’\I’—‘

The function H = H; does not depend on the external moment M and is determined by the integrand (1.7)
with the above replacements of the dimensionless variable and parameters.

The critical value of 7 for which the joint failed at the angular point considered is denoted by .,
and the corresponding value of M is denoted by M,. The parameter 7., which depends on the constituent
materials, the realization of the joint, the binding material, the manufacture of surfaces for the contact, etc.,
is determined from experiments. For a homogeneous material, 7, is determined by the fracturing twisting
moment M,. ‘

According to (1.8), the critical value of N is written as

N, = 7, {A[1+ (A — 1) m]@}(I-m, (1.10)

In the space of our parameter, the resulting equation (1.10), i.e., No = N.(s1,52,4,6,m), can be
interpreted as a fracture hypersurface. For fixed values of the parameters A, 6, v, and m, the equation
N, = N,(s1,s2) defines the limiting fracture surface in the three-dimensional space s;seNj. This surface
separates the strength region (below the surface) from the fracture region (above the surface). When the
angle is symmetric, in the coordinate plane sN,, we have the limiting fracture curve N, = N,(s), which
separates the strength and fracture regions.

Using (1.4) and (1.10), we can write the critical value of the contact stress as

13t 0) = 7o ()7 1+ (= 1y mpy -, L)

Twisting of a Cylindrical Tube. Let us study the twisting of a long, thick-walled cylindrical tube of an
exponentially strengthening, homogeneous material that has an angular cut on the outer surface (Fig. 2).
The nominal stress is known [4]:

(m+3)Mh m _ a\mt31-1
Tole) = “gepmes ¢ B= [1 N (E) ]
Here R and a are the radii of the outer and inner surfaces of the tube. We also have

m+3)Mh mom
r=T¢(po)=(Wﬁ‘;,,?—Po, H=p"/pg".
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Fig. 2

Integrating (1.9) yields

1— (1 - §)m+!

® = mF (= (1.12)

It is evident that ® — 1 as 6 — 0.
The critical value of N in (1.10) is written as

AL+ (=) m][l = (1 = ™t (=Xm
N = T*{ mt Ds(l= o)™ } ' (113)
Here
m+3)M.h m
Te = (—-2%;)!;5——(1 - &)™, (1.14)

and X is defined by (1.3). '

For fixed values of A, §, and m, Eq. (1.13) defines the limiting fracture curve N, = N,(s), which
separates the strength and fracture regions.

In the case of a slit (crack), i.e., for s = 1, setting A = m/(m + 1) in (1.13), we find

__rAp-(a-8mty m/(m+1)
Ne= T‘{(m+1)25(1 -5)m} ' (1.15)
For values of § that are small compared with unity, it follows from (1.13) and (1.14) that
_ (m +3) M,k (1=X)m
N, = o I3 {Al+ (A =1)m]} .
Hence, for the case of a slit, we obtain
_ (m+3) M.k ( A )m/(m+1)
N, = o 3 ——— . (1.16)

When the material is linearly elastic, assuming that n =1 and A = 1/(s + 1) in (1.13), we have

2(1 = 6) M, Al = §/2) 13/(s+1)
N, = 3( ) 4[ ( /)] . (1.17)
TR3{1 - (a/R)4] L(1 = 6)(s+1)
In the case of a slit, assuming that s = 1, from (1.17) we find
v VM. VB9 =62 -
* = TR2 1= (a/R)" : (1.18)
Hence, for small § or from (1.16) for m = 1, we obtain
2 M.R™5/*\/§

r 1—(a/R)*"
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Assuming that a¢/R = 0.5 and calculating M, for § = 0.05 by formula (1.19) and for § = 0.2 by
(1.18), we find N, = 0.1M,R™5/2 and N, = 0.18M,R™5/2 respectively. Comparison of these formulas (after
multiplication by v/27) with the exact solutions given in the form of plots in [5, p. 723] shows that the results
obtained herein are underestimated by about 10%.

Figure 3 shows the limiting curves constructed by formula (1.13) for é = 0.2 at fixed values of the
parameters A and m.

The critical contact stresses obtained from (1.11) and (1.12) for § = 0.2 are given in Fig. 4.

Composite Linear-Elastic Bar. Let a bar to be twisted consist of two linear-elastic rectangular bars
connected by complete slipping along the lateral surfaces. At the ends of the contact surface there are two
identical reentrant angles that are symmetric about this surface (Fig. 5).

This problem without angular cuts is generally solved in [6]. According to [6], the nominal contact
pressure is written as

M &S (E0D)"0y) .y oy
T,,‘(O,y)=m[4¥0——pg——(—smpng—-z ,

where 0, = (1/wn ) {[y+(1 —v) cosh prea] sinh pye1+y sinh prea }, wa = cosh pncy sinh py ey +4 cosh pacy sinh prey,

pn = (2n + V7w /2, v = ka/k1, ¢i = ai/b, ki are the shear moduli of the materials, D = (8/3)(c1 + vc2) +

el —

32 z -621‘5—712'—", Qn = cosh prca+7?% cosh prey —(1+42) cosh prei cosh pacz, and Ry = cosh pycy +cosh ppey —
n=0 pﬂwn
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coshpn(cy + ¢2) — 1. The nominal pressure at the angular point is 7 = T;(0,y0) = M S(v,8)/(Db?). Here

42 n(7)51npn(1—5)+6—-1; b—yo=A =éb.
n=0 "
The critical value of 7 is expressed in terms of the fracturing moment as 7, = M, S/ Db,

Next, calculating integral (1.9), introducing the variable £ = y/b, and assuming that A = 1/(s + 1),
from (1.8) we obtain

s/(s+1)
ol
S

7 2(7,6) : (1.20)

where

_ 18 & D) o . Pno ]
d = [52 . sin — (2 6)s1n25+§5-—1].

n=0 n 2

Note also that & — 1 as § — 0. For s = 1, i.e, for a slit, relation (1.20) leads to the relation N, =
Tay/ A/24/®(7, §). For fixed value of the parameters A, é, and «, Eq. (1.20) gives the limiting fracture curve,
which separates the strength and fracture regions.

2. Plane Deformation. Let a composite body with exponential strengthening of the materials be in
the state of plane deformation. We assume that at the end of the contact surface there is a reentrant angle
that is free of external forces and stress concentrations. For the case of plane deformation, we shall also use
Fig. 1.

Initial Relations and Equations. Let the solution of the general problem, i.e., without a reentrant angle,
be known. The stress components Tp;, T, and Ty, and the displacement components u; and v;, which are
still called nominal, are assumed to be given in the polar coordinate system pp. On the other hand, we shall
proceed from the local solution at the angular point considered in the polar coordinate system ré given in
[2]. In this solution, we shall replace the functions f;(8,A) by Afi(8,)), where A is an arbitrary constant and
fi(8, ) is a solution of the following system of differential equations:

(A + wfidxl” +v(fi + pfi)xi + 4n(fixs) = 0. (2.1)
Here x; = (\/(f:' + ufi)? +4A2f£2)(m_l), A is the desired parameter, n = A[1 + (A = 1)m], g = 1 — A2,
and v = 1 — 92/)%. If we introduce the notation o;(6) = (1/(A — 1)m) {[(f," + ufixi] + 41}ffx.'} and
7i(0) = (f!' + nfi)xi, on the edges that are free from external forces, the boundary-contact conditions are of
the following form:
on the outer edges,

gi=7=0 for 0=aqa; - (2.2)
and on the contact surface,

o1 =702, T =7T2, fi = fé, fi=fo=1 for 6=0. (2.3)

In this case, the normalization condition is adopted without loss of generality. As before, v = k3/k;1, where
ki are strain moduli of the materials. We assume that the problem of finding the function f;(6, ) and

.the parameter A from (2.1)-(2.3) is solved. Using the previous notation, we assume that the value of A =
A(s1, 52,7, m) is determined by a numerical or other method. In the case of a slit and a homogeneous material
(7, 8], we have A = m/(m + 1). In the general case, we assume that the angle is reentrant, and A < 1, i.e., we
have stress concentrations.

Fracture Surface. Introducing the notation A|A|™ 1k = N, Q; = /0?(0) + 73(0), we write the
contact stresses [2] in the vicinity of the angular point as
00i(r,0) = NrA=Uma(0)/Q:,  7ppi(r,0) = NrO-D™ o0y /02, (2.4)
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The constant

1

Q X Q,’
N = llmor r,0) - m lim 7,4;(r, 0)r(1~2)m
O',(O) 9:( ) T;(O) r—0 rOz( )
which has dimension kg - cm(!=*™=2 and is to be determined, is similar to the stress-intensity coefficient in
the expressions of stresses at the crack tip.
Next, we introduce the intensity of nominal stresses on the contact surface T(p) =

\f i(p,0) + T2 ,.(p,0), and, similarly, the intensity of concentrated stresses, p(r) = \/ag,(r 0) + 72;(r,0) =
Nr(A=1)m

At an unknown distance ro from the angular point on the contact surface the concentrated-stress
intensity are equated to the nominal-stress intensity p(ro) = T(pg), which leads to the equation

NrD™ = T(po), (2.5)

which contains the unknown constant N and ro.

To derive the second equation, according to the sectioning method, we mentally pass a section through
the plane ¢ = 0, and, rejecting one part of the body, we analyze the equilibrium of the remaining part. We
assume that, owing to the angular cut, which does not transfer stresses in the interval po < p < R, the force is
transferred by stresses with a singularity at the angular point. For an intact body without an angle, the normal
and tangential nominal stresses acting in the indicated interval must be equilibrated by the concentrated and
tangential stresses acting on the contact surface in the interval 0 < r < r¢ in the vicinity of the angular point.

In the particular case where one of the two stress components is absent on the contact surface, we have
one equilibrium equation, which is sufficient, together with (2.5), to determine N and ro.

To find the second equation in the general case, we consider the function

U=P?+Q?% (2.6)
where A
R 0 R T0
P= / Ti(p,0) dp — / opi(r,0)dr, Q= / Topilp,0) dp — / Toai(r, 0) dr. (2.7)
P0 0 )] 0

Here P is the difference of the normal nominal and concentrated forces acting in the above-mentioned intervals
of the contact surface and Q@ is the difference of the tangential nominal and concentrated forces acting in the
same intervals.

Substituting expressions og;(r,0) and 7,¢;(r,0) from (2.4) into (2.7), integrating, and then eliminating
ro, according to (2.5), we find

P= /T (0,0)dp—NoB T = [ T2 dp - 1B 50
wi(p,0)dp — Q. 9= / oei(p,0)dp — NoB -5, (2.8)
20

where
No = NV(=Ym. p_ (1/[1 +(A— l)m]) [T (po)]}+1/ A=V,
Substituting (2.8) into (2.6), defining the first derivative of U with respect to Ng as

ou 01(0) 7i(0)
e 23[ +I9) ] (2.9)

and equating to zero, we find Ny and then N in the form

]/ ai{0)Tyi(p,0) + 7:(0)Tppi(p, 0) dp}(l—x)m.

N=T(po){[1+ (A=1) o)
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It is easy to see that 02U/ON¢ = 2B?% > 0. This means that the N determined from (2.10) provides a minimal
value of the function U.
The critical value of N is written as

Ny = Tu{A[L + (A = 1) m]®(6,,m)}1=Nm, (2.11)

where

d = H(; 6,v,m)dE. (2.12)

&

1
§

1
Here the function H is given by the integrand (2.10) with passage to the dimensionless variable and parameters,
and T, denotes the parameter T'(pg) for which fracture of the joint occurs at the angular point. The parameter
T, is determined experimentally by measuring the fracturing external forces at which fracture of the material
occurs at the angular point.

The critical values of stresses on the contact surface with allowance for (2.11) can be written as

o*(r ™ (r " (1-A)m
GO el = 2 (2) M+ (- ey m) i

Cylindrical Tube under Internal Pressure. We consider a long, thick-walled homogeneous tube that is
made of an exponentially strengthening material and has a radial symmetric angular cut on the inner surface.
Let the tube be under uniform internal pressure p (in Fig. 2, o, = —p is added).

The nominal pressure, according to [9], is written as

To(p) = iL_l‘z [1 +(2m—1) <§>_2m], I = (i>2m.

R
Here a and R are the radii of the outer and inner surface of the tube and R — pp = A = §R. The nominal
pressure at the angular point is T,(po) = [pl/(1 — D}[1 + (2m — 1)(1 - 6)~2m].
Calculating the integral from (2.10) and (2.12) and taking into account that 7;(0) = 0, we find
_ Q-8 - -8
T 2m -1+ (1 - 6)2m]
Hence it follows that ® — 1 as § — 0. From (2.11) we have
N, = T {A[1 + (A — 1) m]®(8, m)}1-2m, (2.14)

where A = A(s,m) and T\ = [p.I/(1 — D)][1 + (2m — 1)(1 — §)~2™]. Here p, is the critical pressure at which
fracture at the angular point considered occurs; T, is determined experimentally (by measuring p,).

For fixed parameters § and m, Eq. (2.14), i.e., N, = N,(s,6,m), gives the limiting fracture curve,
which separates the strength and fracture regions. For the case of a slit, assuming that A = m/(m +1) [7, §],
we obtain

(2.13)

A m/(m+1)
N, =T. [m—_-H (6, m)] . (2.15)
Taking into account the value of the function @ (2.13) for small values of §, from (2.15) we have
A m/(m+1) 2mp,(a/R)2'"
N, = Qa(m) s gr = T;W (2.16)

Figure 6 shows plots of N./q. versus m for three values of the parameter A. In the case of a crack in
a linear-elastic material, from (2.13) and (2.14) we find

N, = V2o RVE (1= §/2)(1 -8+ 8/2)
7 1-(a/R)? (1-8)3/2 '
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Fig. 6

Hence, for small values of §, or from (2.16) for m = 1 we have

N, = V2p.(a/R)>VA
" 1-(a/R?

Comparison of the resulting formula for small values of § (after multiplication by +/27) with the

corresponding exact value {10, p. 320] (for a circular ring) shows a decrease by about 10%. With increase in
4, this difference increases.

The indicated deviations of the values of N from the exact values are of a one-sided character — toward

underestimation (see also [3]). Therefore, the approximate values of N obtained herein can be considered as
lower bounds.

We are grateful to Professor M. E. Morozov for discussions of the results and valuable remarks.
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